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Aiming to understand complexes of coherent sheaves on algebraic Poisson surfaces
and the associated deformation quantizations and moduli problems, we begin our
study by examining the case of ruled surfaces over a smooth projective curve X,
namely the Poisson surface will be S = P(O ⊕ ω), where ω is the canonical line
bundle of X. Fixing a vector bundle F → X, after revisiting the background
technology of spectral data and Higgs bundles [Chapter 2] we aim to encode (D, F )-
framed sheaves on S as a form of extended Higgs data [Chapter 3], i.e. Higgs
triples, as introduced by A. Minets [Min18], and F -prolonged Higgs bundles. We
present our first main result 3.2.2, demonstrating the correspondence between pure
F -prolonged Higgs bundles on X and (D, F )-framed torsion free sheaves on S,
globally generated along the fibers of the natural projection. Moreover, exploring
the close relation between the two types of extended Higgs data, we aim to place
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them in the context of perverse coherent sheaves on X and examine the stability of
the Higgs data as a polynomial stability in the sense of Bayer [Bay09]. So, using the
polynomial stability given by the dual to the large volume perversity, we recover
the notion of stability for Higgs triples as introduced by Minets, but also derive
a stability condition for (pure) F -prolonged Higgs bundles, so the stable objects
correspond to Huybrechts-Lehn stable (D, F )-framed torsion free sheaves.
2
Chapter 2
Spectral data and Higgs bundles
Our goal is to study complexes of coherent sheaves on algebraic Poisson surfaces,
and to find concrete geometric descriptions of their deformation quantizations and
the associated moduli problems. As a case study we focus on the important case
where the background Poisson surface is a geometrically ruled surface over a smooth
projective curve. In this setting, we study natural deformations of the spectral
construction, which allow us to recast the problem as a more tractable deformation
problem for decorated sheaves on the base curve.
3
2.1 Higgs bundles
2.1.1 Review of spectral covers
The spectral construction is a geometric implementation of a common strategy in
mathematics, where one uses a duality operation to simplify a given problem. A
classical example of this strategy is the Fourier transform of functions on a locally
compact abelian group, which gives a concrete way of converting between continuous
and discrete data.
The spectral cover construction is a similar duality operation, which in a nutshell
replaces a linear operator by its spectrum.
Simplest setup: Let V be a finite dimensional C-vector space and let θ : V → V be
an endomorphism. When θ is generic (=diagonalizable) one can describe θ via its
spectral data, i.e. by giving:
• the eigenvalues of θ;
• the decomposition of V into a direct sum of θ-eigenlines;
• a matching between eigenvalues and eigenlines.
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If dimC V = n this means that we are specifying n complex numbers
λ1, . . . , λn ∈ C (= spectrum of θ)
and to each such number we are prescribing a line Li ⊂ V , so that L1⊕. . .⊕Ln = V .
The spectral covers appear when we let this picture vary in families. If
θx : V → V is a family of endomorphisms parameterized by x ∈ X, then by
repeating the construction for each x we get a subvariety X ⊂ X × C, where
X = {(x, λ) | λ is an eigenvalue of θx}
If all θx have distinct eigenvalues we also get a family of eigenlines L(x,λ) parame-
terized by the points of X.
Definition 2.1.1. The space X is called the spectral cover corresponding to the
family {θx}x∈X . Under the genericity assumption X is an unramified n-sheeted
cover of X and it carries a line bundle consisting of all eigenlines of the θx’s.
Remark 2.1.2. The set of data (X → X,L→ X) completely reconstructs the family
{θx}x∈X .
The correspondence {θx}x∈X ↔ (X,L) is not very useful under this stringent
genericity assumption. In practice, one needs to deal with θx which have repeated
eigenvalues. In this case X → X becomes ramified over x ∈ X and the fibers of
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L→ X may jump at the ramification points. It is easy to see that L always has the
structure of a coherent sheaf on X, which can fail to be invertible or even torsion
free along the ramification locus of X → X.
Important special case: Allow θx to have multiple eigenvalues but require that there
is exactly one Jordan block per eigenvalue. Such an endomorphism of V is called
regular. It carries a single eigenline per eigenvalue. In particular, if all θx, x ∈ X
are regular we get again a line bundle L→ X on the spectral cover X.
More invariantly, consider the polynomial map
h : End(V ) // Cn
θ  // (a1(θ), . . . , an(θ)),
where the ai(θ)’s are the coefficients
det(t · idV −θ) = tn + a1(θ)tn−1 + . . .+ an(θ),
of the characteristic polynomial of θ.




of the obvious cover
Cn ⊂ Cn × C→ Cn,
given by tn + a1t
n−1 + . . .+ an = 0 in the coordinates (a1, . . . , an; t) ∈ Cn × C.
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The fibers of h : End(V )→ Cn are invariant under conjugation action of GL(V )
and in fact
Cn = End(V )//GL(V )
is the GIT quotient.
Remark 2.1.3. The orbits of the GL(V )-action on End(V ) are not all closed and so
the natural topology on the set of orbits End(V )/GL(V ) will not be Hausdorff. To
remedy that one looks for a space End(V )//GL(V ) parameterizing the closures of
GL(V )-orbits in End(V ).
For a general (regular and semisimple) θ in End(V ) the GL(V )-orbit is closed
and in a neighborhood of such θ the quotients
End(V )/GL(V ) and End(V )//GL(V )
coincide.
When θ is arbitrary, then GL(V ) · θ contains a unique closed and a unique open
orbit. The closed one is the orbit of a semisimple (diagonalizable) endomorphism
and the open one is the orbit of a regular endomorphism. This leads to two in-
terpretations for End(V )//GL(V ): either as the space parameterizing semisimple
endomorphisms modulo conjugation, or as the space parameterizing all regular en-
domorphisms modulo conjugation.
Both interpreations are useful but the one for which the eigenlines vary contin-
uously or algebraically is the interpretation via regular endomorphisms.
7
Example 2.1.4. Let dimC(V ) = 2. Use SL(V ) instead of GL(V ). Then we have
h : SL(V )→ C, h(θ) = det θ, and if det θ 6= 0, then θ is regular and semisimple. If












To make the naive spectral cover construction useful in applications one needs
to extend it in two ways:
(i) Allow for abitrary groups G, not only for GL(V );
(ii) Allow for twisted versions of θ.
For (i): Instead of looking at elements θ ∈ End(V ) we take elements θ ∈ g for
g := Lie(G) of some complex semi-simple group G. The spectral cover construction
in this case is somewhat subtler, since it has to reflect the complexity of the group
G. We will not discuss this part of the story but many deep results can be found
in [Don95], [DG02], [Don98].
For (ii): The ‘twisting’ of the {θx}x∈X can be achieved in two ways. Firstly,
one can allow for the vector space V to vary with the point x ∈ X. This is
easily realized by replacing X × V by a non-trivial vector bundle E on X. In
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this setup the family of endomorphisms, naturally, should be viewed as a section
θ ∈ Γ(X,End(E)). Secondly, one can allow for θ to have nontrivial coefficients in
some coefficient object K.
The freedom of choosing K is essential in the applications. Since the elements
in K can be thought of as the matrix coefficients of θ, it is natural to require that
K has an abelian group structure. Possible natural choices for K are: a vector
bundle on X, a family of affine tori on X, a family of abelian varieties on X or
more generally a family of commutative group stacks over X.
We will see examples of most of these choices later on and will relate them to
moduli of complexes and dualities. The simplest choice is to take K to be a vector
bundle. This leads to the classical notion of a Higgs bundle as it was developed in
the works of Hitchin [Hit87a, Hit87b] and Simpson [Sim92].
2.1.2 Higgs bundles with linear coefficients
Let X be a a complex algebraic variety and let K be a fixed algebraic vector bundle
of rank n on X. Consider a vector bundle E → X of rank r and an OX-linear map
θ : E → E ⊗K.
We would like to take the ‘spectrum’ of θ and recast the data (E, θ) in terms of
a spectral cover C of X possibly decorated with some additional structure (e.g. a
coherent sheaf).
9
Remark 2.1.5. The spectrum may not be well defined for a general θ. Indeed, if we
trivialize K locally on X, i.e. if we choose a local frame K|V ∼= Cn ⊗OV , then we
see that locally θ comprises n endomorphims
θ|V = (θ1, . . . , θn), with θi ∈ Γ(V,End(E)).
We can apply the naive spectral construction to each θi but the collection of spectral
covers we will get this way will depend on the trivialization of K.
To fix that one may look only at θ’s for which all the θi’s behave in the same
way e.g. are simultaneously diagonalizable. More generally we can require that
[θi, θj] = 0 for all i, j, i.e. that the θi’s generate a commutative subalgebra in
End(E). The latter condition is clearly equivalent to requiring that
θ ∧ θ = 0 ∈ Γ(X,End(E)⊗ ∧2K).
This motivates the following
Definition 2.1.6. A K-valued Higgs bundle on an algebraic variety X is a pair
(E, θ : E → E ⊗ K) satisfying θ ∧ θ = 0. Similarly one defines a Higgs coherent
sheaf on X.
Observe that for a Higgs bundle (E, θ), the Higgs field θ can be interpreted as a
map K∨⊗E → E and so generates an action TK∨⊗E → E of the sheaf of tensor
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algebras TK∨ := ⊕i(K∨)⊗i on E. The condition θ ∧ θ = 0 is equivalent to saying
that this action descends to an action
S•K∨ ⊗ E → E
of the symmetric algebra S•K∨ on E.
This fact admits a geometric interpretation. Consider the total space
S := tot(K) of the vector bundle K. Let p : S → X be the natural projection.
Then p is an affine map and
p∗OS = S•K∨, S = Spec(S•K∨).
In particular, a quasi-coherent sheaf E on S is the same thing as a quasi-coherent
sheaf E(= p∗E) on X together with a S•K∨-action.
Note that since p is affine, an S•K∨-module E which is coherent as a sheaf on
X will correspond to a coherent sheaf E on S which is finite over X. This proves
the following








Sheaves of S•K∨-modules on
X, quasi-coherent as sheaves
of OX-modules

which restricts to an equivalence
p∗ :
{










This is the K-valued spectral correspondence. It converts spectral data (= coher-
ent sheaves on tot(K) whose support is finite over X) to Higgs data (= K-twisted
families of endomorphisms parametrized by X).
Remark 2.1.8.
• The Higgs sheaf (E, θ) corresponding to a sheaf E on S can be described
explicitly: E = p∗E is the pushforward of E , θ : E → E⊗K is the pushforward
of E ⊗λ→ E ⊗ p∗K where, λ ∈ Γ(tot(K), p∗K) is the tautological section.
• If a sheaf E on S corresponds to a Higgs bundle (E, θ) of rank r, then the
spectral cover for (E, θ) is defined as the subscheme Supp(E) ⊂ S which maps
onto X and is finite of degree r over X. It is given explicitly as the zero locus
of the section
det(λ · id−p∗θ) ∈ Γ(S, p∗SrK).
• When K is the trivial line bundle on X, then S = X ×C and we recover the
previous definition of a spectral cover for a family of endomorphisms.
Example 2.1.9. Let (X, g) be a compact Kähler manifold with g real-analytic Kähler
metric, and let K = Ω1X the holomorphic cotangent bundle of S. The total space
X = tot(K) of K carries a holomorphic symplectic form - the exterior derivative
Ω = dλ of the tautological one form λ on X. It is known [Fei01, Kal99] that a
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tubular neighborhood of the zero section X ⊂ S of K supports a unique hyper-
Kähler metric which is compatible with Ω and restricts to g on X. Thus S is a
non-compact, non-complete physicists Calabi-Yau manifold which can be taken as
a geometric background for describing suppersymmetric quantum field theories.
The B-branes on S are coherent sheaves on S with compact support, i.e. co-
herent sheaves E on S which are finite over X. By the spectral correspondence
one can describe the moduli space of such E as the moduli space of Higgs bundles
(E, φ : E → E ⊗Ω1X) on X. If the Chern classes of E are chosen so that c1(E) = 0
and c2(E) = 0, then all such Higgs bundles correspond to flat holomorphic bundles
on X or representations of π1(X) by Simpson’s non-abelian Hodge theorem [Sim97].
This gives a concrete description of a component of the moduli space of B-branes
on S and the flat bundle interpretation gives a canonical perturbative deformation
quantization of these branes in the direction of the symplectic form Ω.
2.1.3 Higgs bundles and Koszul duality
In order to understand better the quantization of the spectral construction for Higgs
bundles on a smooth complex space X it is useful to recast the spectral construction
as a filtered Koszul duality for families of algebras over X.
Let as before K be a fixed coefficient bundle and let S = tot(K) be its total
space. Consider the sheaf of algebras A = S•K∨ on X with the natural filtration
induced from the grading. The filtered quadratic dual algebra [Pos93, PoPo05] is
13




0→ K 0→ ∧2K 0→ . . . 0→ ∧nK
)
.
Every quasi-coherent sheaf E on S can be viewed as a filtered module over A and
so corresponds by filtered quadratic duality [Pos93, PoPo05] to a dg module E ! over




∧θ→ E ⊗K ∧θ→ . . . ∧θ→ E ⊗ ∧nK
)
,
where (E, θ) is the corresponding Higgs sheaf. Note that even though the differential
in the quadratic dual algebra A! is trivial, we still can have a non-trivial differential
for the module.
The Koszul reinterpretation of the spectral construction is useful because it
provides a way to deform the spectral correspondence in interesting directions.
Next we explore various commutative and non-commutative deformations of the
spectral construction.
2.2 Deformations of the spectral construction
Fix a smooth complex variety X and a (coefficient) vector bundle K of rank n on
X. Let p : S = tot(K)→ X be the total space of K. The spectral correspondence
establishes an equivalence between the categories comprising the following types of
geometric data
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(Spectral data) Coherent sheaves E ∈ Coh(S) which are finite over X.
(K-valued Higgs data) Coherent sheaves E ∈ Coh(S) equipped with a Higgs
field θ, i.e. an OX-linear K-valued endomorphism
θ : E → E ⊗K
satisfying θ ∧ θ = 0.
As explained above this correspondence is a special case of filtered Koszul duality
[Pos93, PoPo05]:
• View the spectral sheaf E ∈ Coh(S) as a module over the sheaf of algebras S•K∨
over X, i.e. replace E with the equivalent data
(E := p∗E ∈ Coh(X)) + (S•K∨ − action on E).
• View the Higgs sheaf (E, θ) as a dg module
E
∧θ→ E ⊗K ∧θ→ . . . ∧θ→ E ⊗ ∧nK
over the dga OS
0→ K 0→ . . . 0→ ∧nK.
• Use filtered Koszul duality to convert modules over the filtered quadratic algebra
S•K∨ and dg modules over the dg algebra (∧•K, 0).
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Remark 2.2.1. (i) The Koszul reformulation of the spectral correspondence has
the adavntage of exhibiting both the Higgs and the spectral data in a manifestly
deformable form. Indeed, by deforming the structures on S•K∨ and (∧•K, 0) so
that the Koszul duality still holds, we can obtain a new kind of spectral duality
between the deformed module structures.
(ii) Note that there are three possible ways in which we can perturb the structure of
S•K∨ so that the resulting algebra will still be filtered quadratic. Clearly S•K∨ is
a filtered quadratic algebra of the most trivial type: it is commutative, augmented
and the filtration is split.
Thus when we start deforming the product structure on S•K∨ we can perform
the deformation so that:
• the product becomes non-commutative;
• the augmentation ceases to be an algebra morphism;
• the filtration is not split anymore.
Similarly we can deform the curved dg algebra structure on (∧•K, 0, 0) so that:
• the product becomes non-commutative;
• the differential becomes non-zero;
• the curvature becomes non-zero.
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An interesting feature of Koszul duality is that the duality transformation mixes
the different types of deformations. Here are specific examples of this phenomenon.
Example 2.2.2. (filtered commutative deformations) There are natural defor-
mations of S•K∨ as a filtered commutative algebra which is filtered quadratic and
has associated graded isomorphic to S•K∨. (In particular the deformation will be
filtered Koszul.)
Indeed, let ω ∈ H1(X,K). Then ω determines a deformation of the variety p :
S → X, namely the total space Sω := tot(Kω) of the affine bundle Kω → X
corresponding to the class ω.
Concretely ω corresponds to an extension
(ω) 0→ K → Fω
πω→ OX → 0,
and Kω = π
−1
ω (1) (note that K = π
−1




be the sheaf of commutative algebras of functions along the fibers of pω.
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The fact that Sω has no section means that S
•
ωK
∨ is filtered but not graded. Geo-
metrically Sω = P(Fω)− P(K), and in fact
pω∗OSω = pω∗OP(Fω)(∞ · P(K)).
Thus S•ωK
∨ is filtered by “order of poles along the divisor P(K) ⊂ P(Fω) at infinity”.
Algebraically we have
S•ωK













↪→ . . .
This implies that the algebra S•ωK




S•K∨. In particular the filtered quadratic dual of S•ωK
∨ will be a sheaf ∧•ωK of
curved dga whose underlying sheaf of graded algebras is ∧•K = (S•K∨)!. Note that
the modules over the filtered algebra S•ωK
∨ are just the quasi-coherent sheaves on
the deformed space Sω. So the filtered quadratic duality will convert the B-branes
on Sω into Higgs-like objects on X.
It is not hard to describe the curved dga ∧•ωK and the corresponding modules
explicitly. Let {Ui} be a Čech cover of X w.r.t. which ω ∈ H1(X,K) is represented
by a Čech cocycle
{ωij} ∈ Z1({Ui}, K).
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Now for each i the restricted fibration
Sω|Ui → Ui
has a section which gives rise to a natural splitting of F∨ω  K
∨ over Ui. Thus we





(∧•K, 0, 0)|Ui/ ∼,
where (∧•K|Ui , 0, 0) and (∧•K|Uj , 0, 0) are glued to each other via the isomorphism
of curved dga given by the pair (id, ωij).
Note that this pair indeed gives a well defined automorphism of the curved dga
(∧•K|Uij , 0, 0):
• [ωij, ξ] = 0 for all ξ ∈ ∧•K since ∧•K is supercommutative;
• ωij ∧ ωij = 0 since ωij ∈ K.
Thus ∧•ωK is a sheaf of curved dga which is a twisted form of (i.e. is locally isomor-
phic to) (∧•K, 0, 0). Filtered quadratic duality converts S•ωK∨ modules into ∧•ωK
curved dg modules or ω-twisted K-valued Higgs sheaves on X. Unfortunately, as the
following lemma shows, the classical spectral sheaves turn out to be obstructed in
this direction. That is: a B-brane on S can deform to Sω only if it is quasi-coherent
or if the deformation direction vanishes on its support.
19
Lemma 2.2.3. There are no classical spectral sheaves in Sω, i.e. sheaves E → Sω
which are coherent and finite over X, as long as ω 6= 0.
In fact if E is a classical spectral sheaf on Sω, then
ω| supp(pω∗E) = 0.
Proof. Explicitly an ω-twisted Higgs sheaf is a quasi-coherent sheaf E → X
equipped with a collection of local K-valued Higgs fields
θi : E|Ui → E|Ui ⊗K|Ui , θi ∧ θi = 0,
so that
θi − θj = ωij · idE on Uij.







i.e. ω = 0 ∈ H1(X,K). 2
The notion of a twisted Higgs sheaf on S resembles a lot the notion of a sheaf
twisted by a class α ∈ H2(X,O×X).
Recall that if {Ui} is a Čech cover of X w.r.t. which α ∈ H2(S,O×S ) is represented
by a cocycle
{αijk} ∈ Z2({Ui},O×),
then an α-twisted sheaf on S is a collection (Fi, gij), where:
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• Fi is a coherent sheaf on Ui;
• gij : Fi|Uij→̃Fj|Uij are sheaf isomorphisms satisfying the twisted cocycle con-
dition
gij ◦ gjk ◦ gki = αijk · id .
From the viewpoint of the geometry of stacks, twisted sheaves appear as ordinary
sheaves. More precisely: the element α ∈ H2(X,O×X) classifies an algebraic (or
analytic) O×-gerbe αX on X and an α-twisted sheaf is simply a special kind of
sheaf on αX.
The ω-twisted Higgs sheaves admit a similar interpretation as sheaves on a gerbe.
Before we spell this out we need to recast the ordinary (untwisted) Higgs sheaves
as sheaves on some geometric object. Such an incarnation of Higgs sheaves was
proposed and studied by Simpson [Sim97, Sim02]:
For a vector bundle N → S, let N̂ → S denote the formal completion of N
along the zero section. Then N̂ is a formal group scheme and we can consider the
formal stack
XN := [X/N̂ ] = BN̂.
A sheaf on XN is simply a N
∨-valued Higgs sheaf on X [Sim97, Sim02]. Similarly
one may consider the algebraic stack BN = [X/N ]. Sheaves on BN correspond to
nilpotent N∨-valued Higgs sheaves on X.
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Going back to the ω-twisted Higgs sheaves, note that the Leray spectral sequence
applied to the map XK∨ → X allows us to view ω ∈ H1(X,K) as an element in
H2(XK∨ ,O). In particular, ω gives rise to an O-gerbe ωXK∨ on the formal stack
XK∨ .
In these terms, the ω-twisted Higgs sheaves on X become simply sheaves on
the gerbe ωXK∨ . This gives yet another (stacky) interpretation of the spectral data
living on the variety Sω.
Comments:
• The correspondence{





quasi-coherent sheaves on the O-
gerbe ωXK∨
}
is another instance of a mathematical duality similar to the spectral corre-
spondence. In this case it is the Pontryagin duality for commutative group
stacks.
• It is not hard to describe the gerbe ωXK∨ explicitly. Indeed, the short exact
sequence of vector bundles
0→ K → Fω → OX → 0,
gives rise to a short exact sequence of commutative group stacks
0→ BÔX → BF̂∨ω → XK∨ → 0,
22
which in turn can be viewed as an O-gerbe on XK∨ . This is precisely the
gerbe ωXK∨ .
It is also instructive to note here that this gerbe can be naturally identified
with the stack of homomorphisms Homcgs(Fω, BOX), where both Fω and BOX
are both viewed as commutative group stacks over X.
Example 2.2.4. (non-commutative deformations) Let h ∈ H0(X,∧2K) be any
element. Again, since ∧•K is supercommutative we have
[h, ξ] = 0
for all ξ ∈ ∧•K. Thus (∧•, 0, h) is again a curved dg algebra over X. The dg
modules over this algebra are the h-curved Higgs bundles, i.e. the pairs
(E, θ : E → E ⊗K), such that θ ∧ θ = h · idE .
It is not hard to describe the Koszul dual objects. The section h ∈ H0(X,∧2K)
gives an extension of K∨ as a sheaf of Lie algebras. Explicitly consider the vector
bundle
Lh := OX · c⊕K∨
with c being a dummy variable. Now h defines a Lie bracket on Lh given by
[c, c] = 0
[c, a] = 0, for all a ∈ K∨
[a, b] = 〈h, a ∧ b〉 · c, for all a, b ∈ K∨.
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By construction (Lh, [ , ]) is a sheaf of nilpotent Lie algebras on X with anOX-linear
Lie bracket.
Moreover O · c ⊂ Lh is a central ideal and we have a short exact sequence of Lie
algebra sheaves
0→ O · c→ Lh → K∨ → 0
where both O · c and K∨ are taken to be commutative. With this notation we can
identify the Koszul dual
(∧•K, 0, h)! = U(Lh)/〈1U(Lh) − c〉 =: Uh
with the enveloping algebra of the central extension Lh taken with its natural fil-
tration.
Note that again
grF Uh = S
•K∨
and so the h-curved Higgs bundles have a dual interpretation as non-commutative
branes, i.e. modules over Uh.
Here we think of Uh as “ph∗OSh” of a non-commutative deformation
ph : Sh → X
of the map p : S → X.
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More generally one can check that if (∧•K, d, h) is an arbitrary curved dg algebra
having ∧•K as the underlying graded algebra, then
d∨ : ∧2K∨ → K∨
will be a Lie bracket on K∨ and h ∈ H0(X,∧2K) is a two cocycle for the Lie algebra
(K∨, d∨). Let
0→ O · c→ Lh,d → K∨ → 0
be the corresponding central extension as sheaves of Lie algebras. Then
(∧•K, d, h)! = U(Lh,d)/〈1U(Lh,d) − c〉 =: Uh,d
as a filtered algebra and so can be thought of as a non-commutative deformation of
p : S → X again.
It is instructive to note that if h = 0 then (∧•K, d, 0) is the Cartan-Eilenberg
complex of L0,d with trivial coefficients. That is:
(∧•K, d, 0) = C•(K∨,OX).
Similarly, for any module M over the Lie algebra (K∨, d∨) we have that M viewed
as a module over U0,d is a filtered quadratic module and that
M ! = C•(K∨,M)
is the Cartan-Eilenberg complex computing the cohomology of (K∨, d∨) with coef-
ficients in M . Thus this type of quantization of spectral data produces a concurrent
deformation of Cartan-Eilenberg complexes.
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An important special case of the previous construction is when K = Ω1X . Then we
have a natural dg algebra
(Ω•X , d) = (∧•Ω1X , d, 0)
- the holomorphic de Rham complex on X.
Recall that the modules over (Ω•X , d) are precisely the quasi-coherent sheaves
equipped with a flat connection, i.e. are the analytic (algebraic) DX-modules. This
fact is a manifestation of filtered Koszul duality since
DX = (∧•Ω1X , d, 0)!
is exactly the Koszul dual filtered algebra.
Therefore flat bundles on S can be interpretted dually as non-commutative spectral
covers, i.e. as DX-modules. The latter should be thought of as sheaves on a non-
commutative deformation of p : S → X whose structure sheaf pushes forward to
DX .
Variant: Taking a deormation of Ω1X to a ω-twisted cotangent bundle and intro-
ducing a curvature h ∈ Ω2X one gets (similarly to (i) and (ii)) a ω-twisted curved
dg algebra
(Ω•X , d, h)ω
which is Koszul dual to a sheaf (DX)h,ω of twisted differential opertors on X.
This gives yet another non-commutative deformation of p : S → X. The non-
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abelian Hodge correspondence for this deformation was established and studied in
[Ga-Ra17].
2.3 Framed sheaves on ruled Poisson surfaces
In this section we introduce our main objects of study - coherent complexes on
Poisson surfaces that have unobstructed deformations in the non-commutative di-
rection. When the Poisson surface is a ruled surface the requisite complexes turn
out to be generalized spectral data and we can study them by applying an appro-
priate version of the spectral correspondence and studying the corresponding Higgs
data on the base curve.
In this analysis we are guided by the following
Heuristics: Non-commutative deformations of a scheme S should be thought of as
deformations of the abelian category Coh(S) or more generally of the triangulated
category Db(S).
Bondal observed [Bon93] that the typical infinitesimal deformations of Db(S) come
from deformations of the identity functor on Db(S) which in turn can be computed
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as the second Hoschchild cohomology of S, i.e.
Ext2Db(S)(I, I) = HomDb(S)(I, I[2])
= HH2(S).
Assume for simplicty that S is smooth. Then it is known by the Gerstenhaber-Shack
theorem [GerSch88, Swan96] that HH2(S) has a Hodge type decomposition:
HH2(S) = H2(OS)⊕H1(TS)⊕H0(∧2TS).
The different pieces in this decomposition have different meaning:
H1(TS) parameterizes ordinary geometric deformations of S.
H0(∧2TS) parameterizes deformations of the product on the algebra OS to some
associative product.
H2(OS) parameterizes deformations of S in the stacky direction, i.e. deformations
as an O×S -gerbe.
Remark 2.3.1. The passage to moduli can mix different types of deformations. In
particular if we have a moduli problem on S for which the discrete data is fixed so
that it deforms unobstructedly in any of the three directions above, then the mod-
uli space may have commutative deformations which are interprettable as moduli
spaces of the same type of data on a non-commutative or stacky deformation of S
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.
A large class of essential examples of this phenomenon are provided by moduli
spaces of framed sheaves.
General setup: Let S be a complex surface which has some non-commutative
deformations (at least infinitesimally). This means that S must be a Poisson surface.
Let λ ∈ H0(S,∧2TS) be a fixed Poisson structure. The moduli space M of
sheaves on S with framing along λ = 0 will have some additional deformations Mt
(not corresponding to deformations of S) and we would like to identify Mt with the
moduli space of framed sheaves on the non-commutative deformation of S in the
direction of λ.
Example 2.3.2. (a) (Nekrasov-Schwartz [NekSch98], Kapustin-Kuznetsov-Orlov [KKO01])
Let S = P2 with the Poisson structure λ = f 3 where f ∈ H0(P2,O(1)) is the equa-
tion of some line L ⊂ S.
Consider the moduli space
M =
(E,ϕ : E|L → O⊕rL )
∣∣∣∣∣∣
E is a rank r vector bundle on S
with c1(E) = 0 and c2(E) = k.

of framed sheaves on S = P2. Using the ADHM construction Donaldson showed
[Don84] that M is isomorphic to the moduli space of SU(r) instantons of instanton
numbers k on S4.
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Moreover the restriction of the twistor family M to the open subset
C× = P1 − {0,∞} is a holomorphically trivial family, i.e.
M|C× ∼=M1 × C×,
where M1 is the fiber of M→ P1 over 1 ∈ P1.
Now Nekrasov-Shwartz and Kapustin-Kuznetsov-Orlov prove [NekSch98, KKO01]
TheoremM1 is isomorphic to the moduli space of pairs (E,ϕ), where:
• E is a rank r vector bundle on the non-commutative P2λ defined by λ, having
c1(E) = 0 and c2(E) = k;
• ϕ is a framing of E along the commutative line L ⊂ P2λ.
(b) (Baranovsky-Ginzburg-Kuznetsov [BGK02]) Let P be a projective variety and
let A be a graded algebra defining P , i.e. P = Proj(A). Recall that by Serre’s
theorem the category Coh(P ) of coherent sheaves on P is equivalent to the quotient
category
qgr(A) :=
(finitely generated graded A-modules )
(finite dimensional graded A-modules)
.
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Consider now a finite group Γ acting on P and let A]CΓ be the smash product of
algebras with the grading in which CΓ is placed in degree zero.
The algebra A]CΓ is a graded non-commutative algebra and when it happens
to be regular of dimension d, then we can view it as the algebra of homogeneous
functions on some non-commutative d-dimensional projective scheme Proj(A]CΓ).
Remark 2.3.3. Recall that a locally finite dimensional graded algebra A = ⊕i≥0Ai
is called regular of dimension d if:
• A0 is a semisimple C-algebra;
• A global homological dimension d, i.e. d is the minimal integer such that
ExtdA−Mod(M,N) = 0, for all M,N ∈ A−Mod;
• A is Noetherian of polynomial growth, i.e. we can find integers m,n > 0 so
that
dimCAi ≤ min, for i 0.
• A is Gorenstein of type (d, `), i.e.
ExtiA−Mod(A0, A) =

A0(`), if i = d
0 otherwise.
Explicitly we can make sense of the category Coh(Proj(A]CΓ)) of coherent
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sheaves on the non-commutative scheme Proj(A]CΓ) as the quotient category
qgr(A]CΓ) :=
(finitely generated graded A]CΓ-modules )
(finite dimensional graded A]CΓ-modules )
.
The next step is to consider deformations of A]CΓ as a graded associative algebra.
These deformations will give rise to new non-commutative projective varieties.
The non-commutative projective variety Proj(A]CΓ) defined in a categorical fashopn
above is a non-commutative variety of a very special kind - its non-commutativity
is coming from twisting the multiplication in the homogeneous algebra of func-
tions on the ordinary projective variety P = Proj(A) by the action of the group of
authomorphisms Γ ⊂ Aut(P ). Such non-commutative varieties are called twisted
projective varieties. An interesting feature of these varieties is that their geometry
(e.g. their sheaf theory) can also be interpreted by using quotient stacks rather
than non-commutative spaces. Indeed, it is straighforward to check that the cate-
gory qgr(A]CΓ) of coherent sheaves on Proj(A]CΓ) is equivalent to the category
of coherent sheaves on the stack quotient [P/Γ] or equivalently to the category of
Γ-equivariant coherent sheaves on P .
In particular, if Γ acts freely, then S = [P/Γ] is an ordinary variety and so
the sheaf theory on Proj(A]CΓ) is indistinguishable from the sheaf theory on a
commutative variety. This setup also shows that we can deform the category of
coherent sheaves on a projective variety to a category which admits two different
interpretations: as the category of sheaves on a stack and as the category of sheaves
of a twisted projective variety.
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(c) (Nevins-Stafford) Let again S = P2 but now take λ ∈ H0(P2,O(3)) to be the
equation of a smooth cubic Σ ⊂ S.
Consider the Hilbert schemes
Hilbk(S), Hilbk(S − Σ)
of k-points on S and S−Σ respectively. As usual we can identify Hilbk(S) with the
moduli space of stable torsion free rank one sheaves on S having c1 = 0 and c2 = k.
Similarly Hilbk(S − Σ) admits an interpretation as the moduli of framed rank one
torsion free sheaves on S with framing OΣ along Σ.
From the work of Artin-Tate-Van den Bergh [ATvdB90] it is known that the
infinitesimal non-commutative deformation of S given by λ can be integrated to an
actual non-commutative deformation (given by a Sklyanin algebra) as long as we
choose an automorphism s : Σ→ Σ of the elliptic curve Σ.
In the remainder of the section we focus on the case of Poisson ruled surfaces.
To set things up we fix the following notation:
X - a smooth compact complex curve of genus g > 1.
S - the projective bundle S := P(OX ⊕ ωX)
π→ X.
OS(1) - the relative hyperplane bundle of S over X, normalized by the condition
π∗OS(1) ∼= OX ⊕ ω−1X .
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D - the divisor D ⊂ X at infinity corresponding to the line OX ⊂ OX ⊕ ωX .
Note that the surface S has a canonical Poisson structure. Indeed, observe that
• The map π|D : D → X is an isomorphism and S = D
∐
tot(ωX).
• We have OS(1) = OS(D) and OS(D)|D ∼= ω−1X under the identification π :
D→̃S.
• From the Euler sequence on π : S → X we get that the canonical class ωS
satisfies ωX ∼= OS(−2D). Thus ω−1S = ∧2TX has a unique (up to scale) section
λ with divisor div(λ) = 2D. In particular (S, λ) is a Poisson surface.
Let now F → X be a fixed vector bundle of rank n on D and let F = i∗F ∈
Coh(S), where i : D ↪→ S denote the natural inclusion. Now we have the following
standard definition (see e.g. [HuLe95a, HuLe95b, Sa11])
Definition 2.3.4. (a) An F -framed sheaf on S is a pair (E,ϕ) where E is a
coherent sheaf on S and ϕ : E → F is a map of coherent sheaves.
(b) A (D,F )-framed sheaf on S is an F -framed sheaf (E,ϕ) such that E is locally
free in a neighborhood of D, and ϕ|D : ED → F is an isomorphism.
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Similarly we define F -framed and (D,F )-framed sheaves on the non-commutative
deformation of S in the direction of λ. Note that in this non-commutative deforma-
tion the curve D ⊂ S stays commutative and persists as a commutative divisor in
all fibers of the deformation family. Therefore the framing by F transfers verbatim
to all these non-commutative deformations.
Remark 2.3.5. Suppose F is the zero bundle, then a (D,F )-framed sheaf is simply
a coherent sheaf on S whose support is contained in tot(ω), and
(i) By the spectral correspondence the category of such sheaves is equivalent to
the category of Higgs coherent sheaves on X.
(ii) Simpson’s stability theorem shows that there is a  0 so that a Higgs sheaf
on X is stable if and only if the corresponding spectral sheaf is stable with
respect to the polarization H = D + a · f on S.
(iii) Semistable spectral sheaves corresponding to Higgs sheaves of degree zero
quantize to deformation quantization modules which correspond to flat bun-
dles on X.
Our goal is to understand the moduli spaces of (D,F )-framed sheaves and their
non-commutative deformations for arbitrary framings F . For this we will need to
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extend the spectral construction and describe the extended Higgs data that will




As before, we fix a smooth complex projective curve X, and F → X a vector bundle
of rankn on X. Write ω for the canonical line bundle of X. There are various ways
to encode (D,F )-framed sheaves on the Poisson surface S = P(O⊕ω) in some kind
of extended Higgs data. We will focus on a specific kind which we call F -prolonged
Higgs bundles, and which are tailor made for analyzing non-commutative deforma-
tions of the corresponding (D,F )-framed sheaves and for analyzing extensions of the
non-abelian Hodge theorem. It turns out that the F -prolonged Higgs bundles are
closely related to another type of extended Higgs data - the so called Higgs triples,
introduced recently by Alexandre Minets [Min18] for the study of the cohomological
Hall algebra for sheaves on S.




Definition 3.1.1. ([Min18]) Fix X a smooth complex projective curve and F → X
a vector bundle of rankn on X. A Higgs triple is the triple of data (E , α, ϑ) that
consists of
• a coherent sheaf E ∈ Coh(X),
• a map of coherent sheaves α : F → E , viewed as a two-term complex sitting
in degrees 0 and 1,






[1]⊗ ω, in Db(X).
Remark 3.1.2. Since Coh(X) has homological dimension one, every object in Db(X)






⊗ ω) as a pair
ϑ = (ϑe, ϑh), with ϑe ∈ Ext1(E , kerα⊗ ω) and ϑh ∈ Hom(E , cokerα⊗ ω).
Minets has introduced [Min18] the following notion of stability for the Higgs triples.
Definition 3.1.3. A Higgs triple is called stable if there is no subsheaf E ′ ⊂ E such
that:
• Imα ⊂ E ′
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• a(ϑ) ∈ Im(b) where a, b are the maps below, induced by the inclusion E ′ ⊂ E :
Ext1(E , (F → E)⊗ ω) a−→ Ext1(E ′, (F → E)⊗ ω) b←− Ext1(E ′, (F → E ′)⊗ ω).
Remark 3.1.4. We can unpack this definition of stability to make it look similar to
familiar notions of stability of decorated bundles or complexes.
(i) As explained in Remark 3.1.2 the data of the Higgs triple (E , α, ϑ) are equivalent
to a quadruple (E , α, ϑe, ϑh) with
ϑe ∈ Ext1(E , ker α), and ϑh ∈ Hom(E , coker α ⊗ ω).
In these terms the stability of (E , α, ϑ) is equivalent to the condition that there is
no subsheaf E ′ ⊂ E satisfying:
• E ′ ⊃ Im α, and
• ϑh(E ′) ⊂ E ′/ Im α.
(ii) The stability condition in Definition 3.1.3 can also be reformulated as the
condition that the Higgs triple (E , α, ϑ) has no non-trivial subtriples (E ′, α′, ϑ′) ⊂
(E , α, ϑ). In other words, there are no triples (E ′, α′, ϑ′) such that:









E ′   // E













of complexes of coherent sheaves.


























From this point of view, this stability condition looks very restrictive as it forbids
the existence of all subobjects rather than the subobjects of appropriately defined
smaller slope. Minets defines this stability condition in general but uses it only for
triples for which E is pure of dimension zero, i.e. a torsion sheaf on X. As explained
in [Min18], these are the triples which can be rewritten as (D,F )-framed sheaves
while the rest of the Higgs triples do not seem to have any relationship to framed
sheaves on S.
In the next section we will analyze this stability condition in more detail and
will show that for triples with torsion E , Minets stability condition is simply a
polynomial stability condition in the sense of Bayer [Bay09].
3.2 F -prolonged Higgs bundles
Definition 3.2.1. Again, fix X a smooth projective complex curve, and F → X a
vector bundle on X. An F -prolonged Higgs bundle is a triple (V, ξ, ρ) consisting of
• a vector bundle V on X,
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• an extension ξ ∈ Ext1(F, V ), i.e.
(ξ) : 0→ V → W → F → 0
• a morphism ρ : V → W ⊗ ω.
We say that an F -prolonged Higgs bundle (V, ξ, ρ) is pure if it does not contain
any ordinary Higgs bundle, i.e. if there is no subsheaf 0 6= V ′ ⊂ V such that
ρ(V ′) ⊂ V ′ ⊗ ω ⊂ W ⊗ ω.
Our first main result is a generalized spectral correspondence which reinterprets
F -prolonged Higgs bundles as certain (D,F )-framed sheaves on S. To state the
result properly recall that π : S → X denotes the natural projection.
Theorem 3.2.2. There is a natural equivalence of categories:
(D,F )-framed torsion free
sheaves on S, globally











Proof. Let us first describe the functor p. Suppose (E,ϕ) is (D,F )-framed sheaf
on S, such that E is torsion free and globally generated along the fibers of π. By
definition, E being globally generated along the fibers of π, means that the natural
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evaluation map
ev : π∗π∗E → E
is surjective. Since E is assumed torsion free, we have that π∗E is torsion free and
since X is a smooth curve, it follows that π∗E is locally free. Let ker(ev) ⊂ π∗π∗E
be the kernel of the evaluation map. Then ker ev is a saturated subsheaf in the
locally free sheaf π∗π∗E and hence is reflexive. Since S is a smooth surface, this
implies that ker(ev) is locally free as well. In other words, we have a short exact
sequence on S
0 // ker(ev) // π∗π∗E
ev // E // 0,
in which the first two terms are locally free and the last is torsion free.
Applying Rπ∗ to this sequence and using the projection formula identifications
π∗π
∗A = A⊗π∗O = A and R1π∗π∗A = A⊗Rπ∗O = 0, we get a long exact sequence
of derived images:
0 // π∗ ker(ev) // π∗E
id // π∗E // R
1π∗ ker(ev) // 0.
Therefore π∗ ker(ev) = R
1π∗ ker(ev) = 0. In particular, the vector bundle ker(ev) is
semistable of slope (−1) on each fiber of π. Hence by the see-saw theorem
ker(ev) = π∗A⊗O(−D)
for some vector bundle A on X. So we have a short exact sequence
0 // π∗A // (π∗π∗E)(D) // E(D) // 0,
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which upon pushforward to X yields the sequence
0 // A // π∗E ⊗ (O ⊕ ω−1) // π∗E(D) // 0.
Tensoring with ω we get a sequence
(3.2.1) 0 // A⊗ ω ρ⊕i // π∗E ⊗ (ω ⊕O) // (π∗E(D))⊗ ω // 0.
Now set
V := A⊗ ω and W := π∗E.
With this notation the two components of the first map in (3.2.1) become maps
i : V → W and ρ : V → W ⊗ ω.
Also by construction the map i can be identified with the restriction to D of the
natural inclusion
(3.2.2) π∗A(−D) ↪→ π∗W.
Since the inclusion (3.2.2) fits in the short exact sequence
0 // π∗A(−D) // π∗W // E // 0,
and (E,ϕ) is (D,F )-framed, it follows that i : V → W fits in a short exact sequence
0 // V i //W // E|D //// 0,
which via ϕ is identified with a short exact sequence
(ξ) 0 // V i //W // F //// 0.
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We set p(E,ϕ) = (V, ξ, ρ). This assignment manifestly respects maps of framed
sheaves and so gives a functor from torsion free (D,F )-framed sheaves to F -prolonged
Higgs triples.
To construct the functor s, start with an F -prolonged Higgs bundle (V, ξ, ρ) on
X. Taken together the two maps
i : V //W,
ρ : V //W ⊗ ω,
give an injective map of locally free sheaves on X:
ρ⊕ i : V −→ W ⊗ (ω ⊕O)
which by adjunction gives a homomorphism of locally free sheaves on S:
(3.2.3) π∗V −→ π∗(W ⊗ ω)(D).
Lemma 3.2.3. The essential image of the functor p is contained in the category
of pure F -prolonged Higgs bundles on X.
Proof. Let (E,ϕ) be a torsion free (D,F )-framed sheaf on S which is globally
generated alpng the fibers of π. Let (V, ξ, ρ) = p(E,ϕ). We need to show that the
F -prolonged sheaf (V, ξ, ρ) is pure. Suppose V ′ ⊂ V is such that ρ(V ′) ⊂ V ′ ⊗ ω.
Then the image of v′ under the map
ρ⊕ i : V → (W ⊗ ω)⊕W
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is contained in V ′ ⊗ (ω ⊕ O). therefore by adjunction it follows that the image of
the subsheaf π∗V ′ ⊂ π∗V under the natural map
π∗V → π∗(W ⊗ ω)(D)
is contained in the subsheaf π∗(V ′ ⊗ ω)(D). Thus, if we set
N ′ = π∗(V ′ ⊗ ω)(D)/π∗V ′,







0 // π∗V ′ //






0 // π∗V // π∗(W ⊗ ω)(D) // E(D)⊗ π∗ω // 0.














0 // V //W // F // 0.
Hence N ′|D = 0, i.e. N ′ is torsion and supp(N ′) ∩D = ∅. But N ′ ⊂ E(D) ⊗ π∗ω
and, by assumption, E is torsion free. HenceN ′ must be the zero sheaf on S. On the
other hand, by construction N ′ is the spectral data sheaf for the usual Higgs bundle
ρ : V ′ → V ′ ⊗ ω. Since, as explained in chapter 2, the spectral correspondence is
an equivalence we conclude that V ′ = 0 which proves the lemma. 2
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This completes the construction of the desired functor p. For future reference, let
us also note that from the definition of the functor p we have a natural identification
V = π∗E(−D). Indeed since (E,ϕ) is (D,F )-framed we have a short exact sequence
0 // E(−D) // E ϕ // F // 0.
i∗F
Applying Rπ∗ to this sequence and taking into account that E being globally gener-
ated on the fibers implies R1π∗E(−D) = 0, we get a long exact sequence of derived
images:
0 // π∗E(−D) // π∗E // π∗F // R1π∗E(−D).
F 0
But the map W = π∗E → F is precisely the quotient map in the sequence (ξ).
Hence π∗E(−D) = ker[W → F ] = V .
Next we will construct the functor s. Let (V, ξ, ρ) be an F -prolonged Higgs bundle.
Together the maps i : V ⊂ W and ρ : V → W ⊗ ω give an injective map of locally
free sheaves on X:
ρ⊕ i : V −→ W ⊗ (ω ⊕O).
By adjunction, this map corresponds to a map of locally free sheaves on S:
(3.2.4) π∗V −→ π∗(W ⊗ ω)(D).
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But after restricting to D the map (3.2.3) becomes the injective map
i : V → W
and hence the kernel of (3.2.4) must be a torsion sheaf whose support is disjoint
from D. Since this kernel is contained in the locally free sheaf π∗V , it must be zero,
and so the map (3.2.4) must be injective. Tensoring with π∗ω−1(−D) we get an
injective map of sheaves π∗(V ⊗ ω−1)(−D)→ π∗W and denoting its cokernel by E
we get a short exact sequence
(3.2.5) 0 // π∗(V ⊗ ω−1)(−D) // π∗W // E // 0.
Furthermore by construction E is locally free near D and the restriction E|D is
naturally identified with the cokernel of the map i : V ⊗ω−1⊗ω → W , i.e with the
vector bundle F , i.e. (E,E → i∗F ) is a (D,F )-framed sheaf on S.
Let T ⊂ E be the torsion subsheaf of E and let W1 ⊂ π∗W be the preimage of
T . In other words W1 is the saturation of π
∗(V ⊗ ω−1)(−D) in π∗W . Since W1 is
a saturated subsheaf in a locally free sheaf on a smooth surface it must be locally
free. For every x ∈ X let µmax(x) be the slope of the maximal destabilizing sheaf
in W1|π−1(x). But by construction we have an inclusion of sheaves
π∗(V ⊗ ω−1)(−D) ⊂ W1 ⊂ π∗W,
and so for every x we must have
W1|π−1(x) ∼= O(−1)⊕kx ⊕O⊕`x
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for some integers kx, `x > 0 such that kx + `x = r = rankV . By Shatz’s semiconti-
nuity theorem [Sh77, LePo97] for the variation of Harder-Narasimhan polygons in
families, it follows that there is an integer ` > 0 so that `x = ` for all x in a dense
Zariski open set of X. Thus V1 = π∗W1 will be a rank ` vector bundle on X. Now
consider the natural map
W1 → i∗i∗W1.
Since the support of T does not intersect D it follows that i∗W1 = W1|D = V .
Pushing down the short exact sequence
0 //W1(−D) //W1 // i∗V // 0
via π we get a sequence on X:
0 // π∗W1(−D) // π∗W1 // V
0 V1 ,
i.e. we get a natural inclusion V1 ⊂ V . But now by pushing down the inclusions
π∗V1 ⊂ π∗V ⊂ (W1 ⊗ π∗ω)(D) ⊂ π∗(W ⊗ ω)(D)
we get that ρ(V1) ⊂ V1 ⊗ ω, which implies that (V, ξ, ρ) can not be pure.
Hence for a pure (V, ξ, ρ) we can set s(V, ξ, ρ) to be the torsion free (D,F )-framed
sheaf (E,E → i∗F ). From the short exact sequence (3.2.5) it is immediate that E is
globally generated along the fibers of π, and the construction is clearly functorial for
maps of F -prolonged bundles. Also, from the construction it is immediate that the
two functors are inverses of each other, which completes the proof of the theorem.
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Remark 3.2.4. (i) By carefully tracing the constructions used in the proof of
the previous theorem, one can check that the functors p and s extend to give an
equivalence between the category of all (D,F )-framed sheaves that are globally
generated along the fibers of π and the category of all F -prolonged coherent Higgs
sheaves on X. We will not be needing this equivalence so we did not include the
necessary refinements of the arguments.
(ii) Minets has shown [Min18, Theorem 7.14] that there is a natural isomorphism
between the moduli stack of stable Higgs triples (E , α, ϑ) with E of pure dimension
zero and the moduli stack of torsion free (D,F )-framed sheaves on S which are
semistable of slope 0 on the general fibers of π.
Repeating the constructions of the previous theorem in families shows that the
stack of pure F -prolonged Higgs bundles on X is equivalent to the stack of tor-
sion free (D,F )-framed sheaves on S which are globally generated on every fiber
of π. So both [Min18, Theorem 7.14] and Theorem 3.2.2 can be viewed as exten-
sions of the classical spectral correspondence for Higgs bundles. Still, at least two
aspects of this story remain unsatisfactory. First the relationship between these
two generalizations of the spectral construction remains unclear even though both
constructions interpret framed sheaves in terms of extended HIggs data. Secondly,
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it is not immediately clear what the correct stability condition on the F -prolonged
bundles should be. That is - it is unclear which stability for F -prolonged bundles
will correspond to the natural Huybrechts-Lehn stability [HuLe95a, HuLe95b] of
framed sheaves on S.
Remark 3.2.5. As a first pass at understanding the puzzles of Remark 3.2.4(ii) we
observe that Minets’s notion of a Higgs triple and our notion of an F -prolonged bun-
dle formally describe the same type of data. Indeed, if (V, ξ, ρ) is an F -prolonged
bundle, then the extension ξ ∈ Ext1(F, V ) = Hom(F, V [1]) corresponds to a distin-
gulished triangle
W → F ξ−→ V [1]→ W [1]
in Db(X). So under the identification W = cone(ξ)[−1], the morphism ρ becomes
a map
ρ : V → cone(ξ)[−1]⊗ ω,
hence
ρ[1] : V [1]→ cone(ξ)⊗ ω.
Thus the data (V, ξ, ρ) is equivalent to the data (E := V [1], α := ξ, ϑ := ρ[1]).









This suggests that one should search for a relationship between Higgs triples and F -
prolonged Higgs bundles in the derived category of X, and that the correct stability
notion for the F -prolonged Higgs bundles should also become visible there
In the next chapter we will resolve both puzzles of Remark 3.2.4(ii) by showing
that both Higgs triples of pure dimension zero and pure F -prolonged Higgs bundles
are Higgs triples of perverse coherent sheaves on X, and that their stability is the
corresponding polynomial stability in the sense of Bayer [Bay09].
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Chapter 4
Polynomial stability of triples
4.1 The large volume perversity and its dual
We begin by recalling some standard facts about coherent perverse sheaves and
polynomial stability, following [ArBez10, Kash94, Bay09].
Definition 4.1.1. A function p : {0, 1, . . . , n} → Z is called a perversity function
if p is monotone decreasing and p̄ : {0, 1, . . . , n} → Z, called the dual perversity,
given by p̄(d) = −d− p(d) is also monotone decreasing.
Let X be a smooth projective variety of dimension n. Given a perversity func-
tion, we can consider the filtration of CohX by abelian categories
Ap,≤k = {F ∈ CohX : p(dim suppF) ≥ −k}.
Theorem 4.1.2 ([ArBez10], [Kash94]). If p is a perversity function, then the fol-
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lowing pair defines a bounded t-structure on Db(X):
Dp,≤0 = {F ∈ Db(X) : H−k(F) ∈ Ap,≤k, for all k ∈ Z}
Dp,≥0 = {F ∈ Db(X) : Hom(A, F) = 0, for all A ∈ Ap,≤k[k + 1], k ∈ Z}
Objects in the heart Ap = Dp,≤0 ∩ Dp,≥0 are called perverse coherent sheaves.
Now if X is a smooth projective variety of dimension n, we have two natural per-
versity functions for X:
• The large volume perversity p : {0, 1, . . . , n} → Z given by p(d) = −[d
2
], and
• The dual to large volume perversity p̄ : {0, 1, . . . , n} → Z, p̄(d) = −d− p(d).
We are specifically interested in the case when X is a curve. In this case we have
• The large volume perversity p : {0, 1} → Z, given by p(0) = p(1) = 0, and
• The dual to large volume perversity p̄ : {0, 1} → Z, given by p̄(0) = 0, p̄(1) =
−1.
Let’s trace the abelian category construction for these perversity functions.
Proposition 4.1.3. Let X be a smooth compact curve. Then the large volume
perversity p and its dual p̄ define the following abelian categories of perverse coherent
sheaves:
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• Ap(X) = Coh(X)
• Ap̄(X) = {F−1 → F0 : F−1 is torsion free, and coker(F−1 → F0) is torsion}
Proof. For the large volume perversity, we have that
Ap,≤k = {F ∈ CohX : 0 ≥ −k} =

CohX, if k ≥ 0
0, if k < 0
As a result,
Dp,≤0 = {F ∈ Db(X) : H−k(F) ∈ Ap,≤k, for all k ∈ Z}
= {F ∈ Db(X) : H−k(F) = 0 for all k < 0}
= {F ∈ Db(X) : Hk(F) = 0 for all k > 0}
= D≤0(X)
Now, since
Ap,≤k[k + 1] =

CohX[k + 1], if k ≥ 0
0, if k < 0
we have that
Dp,≥0 = {F ∈ Db(X) : Hk(F) = 0 for all k < 0}
and hence
Ap = CohX ⊂ Db(X).
54
Now for the dual to the large volume perversity, p̄, we get that:
Ap̄,≤k = {F ∈ Co〈X : p̄(dim suppF) ≥ −k} =

CohX if k ≥ 1
Tor CohX, if k = 0
0, if k < 0
so
Dp̄,≤0 = {F ∈ Db(X) : H−k(F) ∈ Ap̄,≤k, for all k ∈ Z}
=
F ∈ D
b(X) : H−k(F) =

0, if k < 0




b(X) : Hk(F) =

0, if k > 0
torsion, if k = 0

= {· · · → F−1 → F0 → 0 : coker(F−1 → F0) is torsion}
Now since
Ap̄,≤k[k + 1] =

CohX[k + 1] if k ≥ 1
Tor CohX[1], if k = 0
0, if k < 0
we get that
Dp̄,≥0 = {0→ F−1 → F0 → · · · : F−1 is torsion free}.
As a result
Ap̄ = {F−1 → F0 : F−1 is torsion free, and coker(F−1 → F0) is torsion} ⊂ Db(X).
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This completes the proof of the proposition. 2
It is also instructive to note that these two abelian categories are related (see
also [ArBez10, Bay09]) via the Serre duality functor:
Lemma 4.1.4. Let D : Db(X) → Db(X) be the Serre duality functor, i.e. the
functor given by
D(F) := HomDb(X)(F , ωX [1]).
Then Ap̄(X) = DAp(X).
Proof. Since Db(X) is of homological dimension 1, every object in the category
is quasi-isomorphic to the sum of its cohomology. Thus we can describe Ap̄(X)
alternatively, as
Ap̄(X) = {F ∈ Db(X) : F ' K[1]⊕Q, K locally free, and Q torsion}.
But if F ∈ Ap(X) = CohX, then (non-canonically) F ' TF ⊕ VF , where VF
is locally free, and TF is torsion. Then, applying the Serre duality functor gives
DF = DTF ⊕ DVF . But DVF = V ∨F ⊗ ωX [1]. Also, if we resolve TF by locally free
sheaves
0→ A→ B → TF → 0,
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Now, B∨ → A∨ is an injective homomorphism of locally free sheaves of the same
rank. As a result, the cokernel Q = coker(B∨ → A∨) is a torsion sheaf. This implies
that DTF = Q⊗ ωX and hence DAp(X) ⊂ Ap̄(X).
It is also obvious from the calculation that the Serre duality functor is essentially
surjective, since if F = K[1]⊕Q, then if we resolve Q by locally free sheaves
0→M → N → Q→ 0
and take T = coker(N∨ →M∨)⊗ω−1X , then E = K ⊗ω
−1
X ⊕ T will satisfy DE = F .
Now, since the Serre duality functor D : Db(X) → Db(X) is fully faithful, and
Ab(X) ⊂ Db(X) is a full subcategory, we get that D : Ap(X) → Ap̄(X) is fully
faithful and essentially surjective, and hence an equivalence.
Remark 4.1.5. Let A, B ∈ Ap̄(X). Then a map f : A→ B in Ap̄ corresponds to a
triple of maps
• f−1 : ker a→ ker b
• f0 : coker a→ coker b
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• f0−1 : coker a[−1]→ coker b[−1]









f−1g0−1 + f0−1g0 = f−1h0−1 + f0−1h0
we have that g = h. But if this holds, f−1 and f0 are injective. Conversely, if f0 and
f−1 are injective, then for every pair of g, h satisfying the three conditions above,
from the first two conditions, we get that g−1 = h−1 and g0 = h0, and by the third
one (and the injectivity of f−1), we get that g0−1 = h0−1. As a result, the map
f : A→ B is injective if and only if it induces injective maps on cohomology. Some
useful instances of this fact are the following:
(i) If E ' 0 → E0 ∈ Ap̄(X) is a torsion sheaf, viewed as an object in Ap̄(X), then
E ′ → E is injective if and only if E ′ ' 0→ E ′0 and E ′0 ⊂ E0.
(ii) If E ' E−1 → 0 ∈ Ap̄(X) is a vector bundle in degree −1, viewed as an object
in Ap̄(X), then E ′ → E is injective if and only if E ′ ' E ′−1 → 0 and E ′−1 ⊂ E−1.
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4.2 Polynomial stability conditions
Following Bayers [Bay09], for a smooth projective variety X, one can utilize perver-
sity functions, to define polynomial valued stability conditions given by polynomial
valued charge
Z : K(X) ' K(Db(X))→ C[m].
In order to define such central charge, a quadruple of data Ω = (η, ρ, p, U) is
required. Namely, the ingredients are
• an ample class η ∈ A1(X)R, i.e. a Weil divisor η ∈ A1(X)R such that ηd ·α > 0
for every effective class α ∈ Ad(X),
• a stability vector ρ = (ρ0, ρ1, . . . , ρn) ∈ (C∗)n+1, i.e. a vector of non-zero
complex numbers such that ρd
ρd+1
is in the open upper half-plane, for each
d ∈ {0, 1 . . . , n− 1},
• a perversity function p associated to ρ, i.e. a perversity function p such that
(−1)p(d)ρd is the semi-closed upper half-plane, for each d ∈ {0, . . . , n},
• a unipotent operator U ∈ A•(X)C, i.e. U = 1 + N , where N is concentrated
in positive degrees.
Given the data Ω = (η, ρ, p, U) the central charge is defined as






dmd · ch(F) · U.
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4.2.1 The large volume stability
Now let’s fix again our smooth compact curve X. Then the large volume perversity
function is associated to the stability vector ρ = (−1, i). So by fixing an ample
class η ∈ A1(X)R and the unipotent operator e−β
√
tdX, where β ∈ A1(X)R is an
















Now, since e−β−miη = 1− β −miη and
−ch(F) ·
√
tdX = (rkF + c1(F))(1− 14ω)

















) + c1(F))− irkF · ηm
)
= rkF(deg β + 1
2
(g − 1))− c1(F) + irkF · deg η ·m
Remark 4.2.1. Let’s look at a few special choices for the classes η, β ∈ A1(X)R
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(i) If we choose η to be of degree 1, i.e a generator of the positive cone in H2(X, Z),
and we set β = 1
4
ω, then
Z(F)(m) = −χ(F) + irkF ·m.
So if we look at the η-Hilbert polynomial of F ,
χ(F(m · η)) = χ(F) +m · deg η · rkF ,
then the central charge is ρ0χ(F) + ρ1mrkF .
(ii) If we take deg η = 1 and β = −1
4
ω, then
Z(F)(m) = −c1(F) + irkF ·m
which is a polynomial version of Bridgeland’s central charge on curves.
(iii) In fact for any value of β we see that the argument of φ ∈ (−1, 0] of the central
charge is of the form − arccot(µ(F) + const)/π. where µ(F) is the Mumford slope
of F . Thus a coherent sheaf is stable for the large volume stability if and only if it
is a Mumford stable vector bundle on X.
4.2.2 The dual large volume stability
Consider the parity operator P : A•(X)→ A•(X), which acts on Ad(X) by (−1)n−d
(where n is the dimension of the smooth projective variety X). Given a quadruple
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of data Ω = (η, ρ, p, U) for a polynomial central charge ZΩ, we can define the dual
data Ω∨ = (η, ρ∨, p̄, U∨), where
• the dual stability vector is given by ρ∨d = (−1)D+dρ̄d,
• U∨ = (−1)Dch(ωX)−1P (Ū)
• D is such that ωX |Xsmooth is the shift of a line bundle by D,
and the dual central charge Z∨ is defined by the usual formula, but now, with
respect to the data Ω∨, i.e. Z∨ = ZΩ∨ : K(X)→ C[m].
Now, applying this for the case of a smooth compact curve X, and Ω the data
of the large volume stability, we get
ρ∨d = (−1)1+dρ̄d, i.e. ρ∨0 = 1, ρ∨1 = −i
and






= (1− ω)P (1 + (−β − 1
4
ω))
= (1− ω)(−1 + (−β − 1
4
ω))
= −1 + (ω − β − 1
4
ω)




Now the central charge Z∨ : K(X) → C[m] defined by Ω∨ is a polynomial







dmd ch(F) · U∨
= ρ∨0 (ch(F) · U∨) + ρ∨1m(η · (ch(F)U∨)0)
= ch(F) · U∨ −mideg η(ch(F) · U∨)0
But
ch(F) · U∨ = (rkF + c1(F))(−1 + (34ω − β))
= −rkF + (rkF(3
4
ω − β)− c1(F))
So
Z∨(F)(m) = −c1(F) + rkF · deg(34ω − β) +mirkF .
Examining a few interesting cases we see familiar central charge functions:
(i) for β = 1
4
ω we get
Z∨(F)(m) = −c1(F) + rkF · (g − 1) +mirkF ,
(ii) for β = −1
4
ω we get
Z∨(F)(m) = −c1(F) + rkF · (2g − 2) +mirkF ,
(iii) for β = 3
4
ω we get
Z∨(F)(m) = −c1(F) +mirkF .
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Again, different choices of β modify the corresponding just by a shift by a
constant and so the stability corresponding to this central charge is independent of
the value of β.
4.2.3 Recovering stability of Higgs triples
Let (E , α, ϑ) be a Higgs triple with E pure of dimension zero, i.e. a Higgs triple
for which E is a torsion sheaf on X. Then both E and cone(α) are objects in
Ap̄, i.e. are perverse coherent sheaves for the dual large volume perversity, and
ϑ : E → cone α ⊗ ω is a map of perverse coherent sheaves. This suggests that
stability for Higgs triples (at least the ones for which E is torsion may be related to
the polynomial stability for Higgs triples of perverse coherent sheaves. To make a
precise statement we introduce the following notion.
Definition 4.2.2. A Higgs triple of perverse coherent sheaves (for the dual large
volume perversity is a triple (E , α, ϑ), where
• E ∈ Ap̄ is a perverse coherent sheaf.
• α : F → E is a map in Db(X), such that cone(α) ∈ Ap̄ is perverse coherent.
• ϑ : E → cone(α)⊗ ω is a map of perverse coherent sheaves.
Now note that Bayer’s central charge for the dual large volume perversity gives rise
to a natural stability of Higgs triples of perverse coherent sheaves. Concretely let φ
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be the argument of the normalized central charge Z∨(E)(m) = −c1(E) + imrk(E).
Definition 4.2.3. We say that a Higgs triple (E , α, ϑ) of perverse coherent sheaves
is stable if for every non-trivial subtriple (E ′, α′, ϑ′) ⊂ (E , α, ϑ) we have that φ(E ′) <
φ(E).
Remark 4.2.4. Here a Higgs subtriple of perverse coherent sheaves is a triple (E ′, α′, ϑ′)
such that E ′ ⊂ E , and cone(α′) ⊂ cone(α) are monomorphisms of perverse coherent









With these notions in place we now have the following comparison statement:
Lemma 4.2.5. Suppose (E , α, ϑ) is a Minets’s Higgs triple with E torsion. View
(E , α, ϑ) as a Higgs triple of perverse coherent sheaves. Then (E , α, ϑ) is stable in
the sense of Minets if and only if it is stable as a Higgs triple of perverse coherent
sheaves, i.e. in the sense of Definition 4.2.3.
Proof. For any non-zero Higgs triple with E torsion we have rk E = 0 and c1(E) =
length(E) > 0. Hence Z∨(E)(m) = c1(E)eπi, and therefore the polynomial slope
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function for the stability is φ(E) = 1 ∈ C[m]. In particular, (E , α, ϑ) is stable iff it
has no no-nzero substriples. 2
Remark 4.2.6. Note that if (E , α, ϑ) is Minets’s triple with a non-torsion E , then in
general (E , α, ϑ) will not be a perverse coherent HIggs triple since in general cone(α)
will not be perverse coherent. Hence it is unclear how to compare polynomial
stability and Minets’s stability of general triples.
4.2.4 Stability of F -prolonged Higgs bundles
As we remarked at the end of the previous chapter, F -prolonged Higgs bundles are
formally similar to the Minets’s Higgs triples. This formal similarity can be made
more precise. Indeed, if (V, ξ, ρ) is an F -prolonged bundle, then the equivalent triple
(E = V [1], α = ξ, ϑ = ρ[1])
is tautologically a Higgs perverse coherent triple. So we could define stability
naively and call (V, ξ, ρ) stable if (V [1], ξ, ρ[1]) is stable as a Higgs perverse coherent
triple. Explicitly, this naive stability means that for every F -prolonged subbundle1
1(V ′, xi′, ρ′) is an F -prolonged subbundle of (V, ξ, ρ) if V ′ ⊂ V , the extension ξ′ is a subexten-
sion of ξ, and ρ′ and ρ are compatible. The last two conditions mean that we have a commutative
diagrams:
0 // V ′ // W ′ // F // 0
∩ ∩ ||
0 // V // W // F // 0,
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(V ′, ξ′, ρ′) we have µ(V ′) < µ(V ), where µ denotes the Mumford slope.
However, it turns out that this naive stability is too crude and is incompatible with
the Huybrechts-Lehn stability of the corresponding (D,F )-framed sheaves on S. It
turns out that the correct notion of stability requires a different way of associating
Higgs perverse coherent triples to F -prolonged Higgs bundles.
To explain this construction we will need to introduce some notation.
Definition 4.2.7. Given an F -prolonged Higgs bundle (V, ξ, ρ) and a positive inte-





















ρ′ // W ′ ⊗ ω
∩ ∩
V




ρ i 0 · · · 0
0 ρ i · · · 0
0 0 · · · · · · 0
0 0 · · · ρ i












V ⊗ ωe → W ⊗ ωe
−1 0
is quasi-isomorphic to F ⊗ωe we can view the map αe as a map αe : F ⊗ωe → C•e+1
in the derived category Db(X). Furthermore form the short exact sequence we get
a canonical identification
C•e = cone(αe).
Furthermore we have a natural map of complexes
Θe : C
•
e+1 → C•e ⊗ ω
for which Θ−1e projects V ⊗ (⊕ei=0ωi) onto V ⊗ (⊕ei=1ωi), and similarly Θ0e projects
W ⊗ (⊕ei=1ωi) onto V ⊗ (⊕ei=2ωi).
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Now suppose that (V, ξ, ρ) is an F -prolonged bundle, whose rank is a multiple
of n = rankF , i.e. suppose that
rankV = ne, for some integer e > 0.
Then for this e we have
rankC−10 = ne
2, rankC00 = n(e+ 1)(e− 1),
rankC−10+1 = ne(e+ 1), rankC
0
0+1 = ne(e+ 1),
Hence C•e+1 and C
•
e will be perverse coherent sheaves if and only if Ψe+1 is injective.




is a Higgs perverse coherent triple. With this notation we are now ready to define
stability of F -prolonged bundles.
Definition 4.2.8. Let (V, ξ, ρ) be a pure F -prolonged Higgs bundle. Assume
rankV = ne. We say that (V, ξ, ρ) is stable if the differential Ψe+1 in the com-
panion Dolbeault complex C•e+1 is injective and if the companion Higgs perverse
coherent triple (C•e+1, αe,Θe) is stable as a Higgs perverse coherent triple, i.e. is
stable in the sense of Definition 4.2.3.
With this definition we now have the following
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Theorem 4.2.9. Suppose (V, ξ, ρ) is a pure F -prolonged HIggs bundle and let
rankV = ne. Then (V, ξ, ρ) is stable if and only if the corresponding torsion free
(D,F )-framed sheaf (E,ϕ) is semistable of slope e on the general fiber of π.
Proof. Suppose (V, ξ, ρ) is stable. Then Ψe+1 is injective and the companion Higgs
coherent triple (C•e+1, αe,Θe) is stable.
Since Ψe+1 is injective it follows that C
•
e+1 is quasi isomorphic to coker Ψe+1.
But Ψe+1 is an injective morphism of locally free sheaves of the same rank and
so coker Ψe+1 is a torsion sheaf. In particular the Higgs perverse coherent triple
(C•e+1, αe,Θe) is isomorphic to a stable Minets’s triple with torsion sheaf. By
[Min18, Lemma 7.16] we now conclude that the (D,F ⊗ ωe) framed sheaf (Ẽ, ϕ̃)
corresponding to (C•e+1, αe,Θe) via [Min18, Theorem 7.14] is semistable of slope
zero on the general fiber of π. But by the see-saw theorem we know that the
(D,F ) framed sheaf (E,ϕ) corresponding to (V, ξ, ρ) via Theorem 3.2.2 satisfies
(E,ϕ) = (Ẽ, ϕ̃)⊗OS(eD). Therefore (E,ϕ) is semistable of slope e on the general
fiber of π.
Conversely, if (E,ϕ) is the framed sheaf corresponding to (V, ξ, ρ), and if we
assume it is semistable of slope e on the general fiber, then the framed sheaf (Ẽ, ϕ̃) =
(E,ϕ) ⊗ O(−eD) is semistable of slope 0 on the general fiber. Again by [Min18,
Lemma 7.16] it follows that the Higgs triple (Ẽ, ξ̃, ϑ̃) corresponding to (Ẽ, ϕ̃) has
Ẽ torsion and is a stable Higgs triple. But by the see-saw theorem this triple is the
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companion triple of (V, ξ, ρ) and thus Ψe+1 must be injective (since Ψe+1 is torsion
and the companion triple must be stable. 2
Remark 4.2.10. Assume for simplicity that F is a stable vector bundle on X. The
reasoning of [Min18, Proposition 7.10] applies verbatim to show that if we choose
δ  0 and a > 2g − 2 + δ, then every (D,F )-framed torsion free sheaf which is
globally generated along the fibers is (D + af, δ) stable in the sense of Huybrechts
and Lehn [HuLe95b]. As an immediate corollary we then get that the stack of pure
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